











A differential equation is an equation that defines a relationship be-




A differential equation is an equation that defines a relationship be-
tween a function and one or more derivatives of that function.




(x) := y′(x) = 2xy(x) (1)
states that the first derivative of the function y equals the product of
2x and the function y itself. An additional, implicit statement in this
differential equation is that the stated relationship holds only for all
x for which both the function and its first derivative are defined
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Given f : Ω ⊂ R2 → Ry′(x) = f(x, y(x)), x ∈ Iy(x0) = y0, x0 ∈ I, y0 ∈ J




If f(x, y) is continuous on R = [x0 − a, x0 + a]× [y0 − b, y0 + b], then
the initial value problemy′(x) = f(x, y(x))y(x0) = y0
has a solution in a neighborhood of x0
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Solution needs not to be unique.






Solution needs not to be unique.




y(x) = 0 solves (p)
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Solution needs not to be unique.




y(x) = 0 solves (p)
y(x) = x|x| solves (p)
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Existence and uniqueness: Picard Lindelho¨f Theorem Let the
function f(x, y) continuous on a rectangle R = [x0− a, x0 + a]× [y0−
b, y0 + b]. Suppose, furthermore, that for any y1, y2 ∈ [y0 − b, y0 + b]
there exists L > 0 such that
|f(x, y1)− f(x, y2)| ≤ L |y1 − y2| (L)
for each x ∈ [a, b]. Then the initial value problemy′(x) = f(x, y(x))y(x0) = y0 (ivp)
has a unique solution defined in [x0−δ, x0+δ] where δ = min{a, b/M}





Condition (L) is said Lipschitz continuity condition. A sufficient con-
dition to ensure that a function f(x, y) is Lipschitz continuos is that




Condition (L) is said Lipschitz continuity condition. A sufficient con-
dition to ensure that a function f(x, y) is Lipschitz continuos is that
it admits partial derivative with respect to y which is bounded and
continuos.
In fact assume |fy(x, y)| =
∣∣∣∣∂f∂y (x, y)
∣∣∣∣ ≤ L then from the mean value
(Lagrange) theorem
|f(x, y1)− f(x, y2)| = |fy(x, y)| |y1 − y2|
with y between y1 and y2
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Separable equations A differential equation is separable if it can be
written in the form y′(x) = a(x) b (y(x)) ,y(x0) = y0, (S)
where a(x) e b(y) are continuous functions defined on intervals Ia and
Ib such that x0 ∈ Ia and y0 ∈ Ib
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Separable equations A differential equation is separable if it can be
written in the form y′(x) = a(x) b (y(x)) ,y(x0) = y0, (S)
where a(x) e b(y) are continuous functions defined on intervals Ia and
Ib such that x0 ∈ Ia and y0 ∈ Ib
In order to obtain existence and uniqueness for solution to (S) we
























is the unique solution to (S)
Proof. Recalling that b(y0) = b(y(x0)) 6= 0 there exists a neighbor-
hood Ia of x0 such that x ∈ Ia =⇒ b(y(x)) 6= 0. Then if y(x) solves






































Proof is not complete: we have to show that solution defined by (R)
is the unique solution to (S)








Proof is not complete: we have to show that solution defined by (R)
is the unique solution to (S)

























Proof is not complete: we have to show that solution defined by (R)
is the unique solution to (S)























Notice that we used the fact that both y1(x) and y2(x) solve (S)
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But recalling that y1(x0) = y2(x0) = y0, there exists a neighborood
N(x0) of x0 such that for each x ∈ N(x0):
B (y1(x))−B (y2(x)) = 0.
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But recalling that y1(x0) = y2(x0) = y0, there exists a neighborood
N(x0) of x0 such that for each x ∈ N(x0):
B (y1(x))−B (y2(x)) = 0.
On the other side recalling the definition of B(y) we see that:
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Now use the mean value theorem for integrals to infer that there
exists yx between y1(x) and y2(x) such that





But recalling that y1(x0) = y2(x0) = y0, there exists a neighborood
N(x0) of x0 such that for each x ∈ N(x0):
B (y1(x))−B (y2(x)) = 0.
On the other side recalling the definition of B(y) we see that:






Now use the mean value theorem for integrals to infer that there
exists yx between y1(x) and y2(x) such that
B (y1(x))−B (y2(x)) = 1
b(yx)
(y1(x)− y2(x)) .






Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.















Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.




















For instance if a(x) = −x
2












Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.










Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.

































































































y = tan (arctan a+ arctanx)
But since
tan(α + β) =
tanα + tan β




y = tan (arctan a+ arctanx)
But since
tan(α + β) =
tanα + tan β
1− tanα tan β
we infer
y =
a+ x
1− ax
